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Abstract
In this paper we study algebraic and geometric properties of closed oriented smooth 4-manifolds
M with H2(M;Z)∼= 0. Moreover, we investigate the problem of embedding M in 5-space or other
standard simply-connected 5-manifolds according to Barden’s list [Ann. of Math. 82 (1965) 365–
385]. These results are related with papers [Invent. Math. 77 (1984) 173–184; Topology 23 (1984)
257–269] of Cochran.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
We consider closed oriented smooth 4-manifolds M with H2(M;Z) ∼= 0. Examples
are given by 4-manifolds homotopy equivalent to a connected sum of some copies of
S1 × S3 (see [4,5,16,19,21]). But there are many others, e.g., the boundary of a regular
neighborhood of an acyclic 2-complex (arising from a finitely presented group) embedded
in 5-space, and the closed manifolds obtained from the standard 4-sphere by surgery on
2-knots (see, for example, [15,17,18]). It follows from Poincaré duality and Universal
coefficient theorem that H 2(M;Z2)∼= 0, hence M is a spin manifold. Since the signature
✩ Work performed under the auspices of the G.N.S.A.G.A. of the C.N.R. (National Research Council) of Italy
and partially supported by the Ministero per la Ricerca Scientifica e Tecnologica of Italy within the projects
“Proprietà Geometriche delle Varietà Reali e Complesse”.
* Corresponding author.
E-mail addresses: albertoc@unimo.it (A. Cavicchioli), hegenbarth@vmimat.mat.unimi.it (F. Hegenbarth),
spaggiari@unimo.it (F. Spaggiari).
0166-8641/02/$ – see front matter  2002 Elsevier Science B.V. All rights reserved.
PII: S0166-8641(01)0 01 98 -5
314 A. Cavicchioli et al. / Topology and its Applications 123 (2002) 313–322
of M vanishes, the Hirzebruch signature formula implies that p1(M) = 0. Moreover,
w2(M)= 0 and trivial signature imply the stable-parallelizability of M , i.e., the vanishing
of all stable characteristic classes. It is known that a closed oriented smooth 4-manifold
embeds smoothly in 6-space if and only if it is spin and has trivial signature (see [2,28]).
This result applies in our case to give the following
Theorem 1.1. If M is a closed oriented smooth 4-manifold with H2(M;Z)∼= 0, then M
embeds smoothly in R6. In particular, if the fundamental group of M is free (non-Abelian),
then M embeds smoothly in R5.
One of the goals of the paper is to give a simple geometric proof of this theorem by
using standard surgery of Kervaire–Milnor type (see [22,25]).
More generally we will prove
Theorem 1.2. Let M be a closed oriented smooth 4-manifold with H2(M;Z)∼= 0.
(1) Then M embeds smoothly in the connected sum of k copies of S2 × S3 (hence in
R6), where k is the rank of H1(M;Z).
(2) Suppose that f∗([M])= 0, where f :M → Bπ1(M) is the classifying map for the
universal covering, and [M] ∈H4(M;Z) is the fundamental class. Then M embeds
smoothly either in S5 (hence in R5), X−1, or X∞.
Here X−1 and X∞ are the closed 5-manifolds in Barden’s list [1]. They are constructed
as follows. Let B → S2 be the non-trivial D3-bundle, and let B∗ be the same with
opposite orientation. Then we have H2(∂B) ∼= Z ⊕ Z with generators p and q (in fact,
∂B is homeomorphic to CP 2#(−CP 2)). Let g−1 : ∂B → ∂B and g∞ : ∂B → ∂B be
diffeomorphisms such that (g−1)∗(p) = p, (g−1)∗(q) = −q , and (g∞)∗ is the identity
on H2. Then X−1 = B ∪g−1 B∗ and X∞ = B ∪g∞ B∗. It follows that H2(X−1)∼= Z2 and
H2(X∞)∼= Z.
Cochran investigated in [9] the question of when a spin closed smooth 4-manifold
M with trivial signature also embeds smoothly in 5-space. The main result of [9] gives
sufficient conditions in terms of π1(M), which work in a broad range of situations. For
instance, if H1(M) is a product of at most two cyclic groups or π1(M) a free product of
cyclic groups suffices. Furthermore, all geometrically “simple” 4-manifolds which embed
in 6-space (e.g., the topological product of two closed surfaces and the product of a closed
3-manifold with the circle) do indeed embed in 5-space. Quite generally, if H2(M) is finite
or H2(π1(M))∼= 0, then Theorem 4.1 of [9] gives necessary and sufficient conditions for
M to embed in 5-space. This yields the first known examples of closed 4-manifolds which
embed in R6 but not in R5 (see [8]). These manifolds however have non trivial second
homology with Z-coefficients. Theorem 4.1 mentioned above applies in our case to give
the following
Theorem 1.3. Let M be as in Theorem 1.2, and let G= π1(M). Then M embeds smoothly
in 5-space if and only if:
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(a) there exist finitely presented groups Gi and homomorphisms gi :G→Gi , i = 1,2,
such that the pushout of the diagram
G
g2
g1
G1
G2 1
is trivial;
(b) the gi induce an isomorphism H1(G) ∼= H1(G1) ⊕ H1(G2), and an epimorphism
H2(G)→H2(G1)⊕H2(G2);
(c) there exist spin structures σi on M and maps fi :M → BGi which induce the gi
and such that [(M,σi, fi)] = 0 in ΩSpin4 (Gi) for any i = 1,2.
For the definition of spin cobordism groups we refer to [10,26,27]. Further results on
embeddings and immersions of smooth manifolds in low dimensional Euclidean spaces
can also be found in [11,12,15,23]. As general references for the topology of 4-manifolds
and surgery theory see [13–15,24,30].
We complete the section with two open problems.
Problem 1. Give examples of closed smooth 4-manifolds M with H2(M;Z) ∼= 0 which
do not embed in R5, i.e., which do not satisfy one of the conditions in Theorem 1.3.
Problem 2. Give examples of closed smooth 4-manifolds M with H2(M;Z) ∼= 0 which
do not embed in R5 and X−1 but embed in X∞ or examples which embed in X∞ but not
in R5 and X−1.
2. Construction of simply-connected 5-manifolds with boundaryM
Let M4 be a closed oriented smooth 4-manifold with H2(M;Z)∼= 0. In this section we
do not assume f∗([M]) = 0. The spin cobordism group ΩSpin4 is isomorphic to Z. The
isomorphism is given by 1/16 signature of the manifold. Hence M4 bounds an oriented
smooth spin 5-manifold W 5. By a sequence of surgeries we can always assume that W is
simply-connected. For this, we observe that a surgery along an embedding ϕ :S1 ×D4 →
W does not disturb the property w2 = 0. Now we try to surgery on H2(W ;Z) ∼= π2(W).
Any element λ ∈ π2(W) can be represented by an embedded 2-sphere ϕ :S2 →W . Since
w2(W)= 0, its normal bundle is trivial. So let us denote by ϕ˜ an extension
ϕ˜ :S2 ×D3 →W.
Then we can form the smooth 5-manifold
W ′ = (W\ϕ˜(S2 × ◦D3))∪ (D3 × S2).
Let λ′ = [ϕ˜(∗ × S2)] ∈H2(W ′;Z) be the class of the transverse 2-sphere. It follows from
the cohomology sequences of the pairs (W,W0) and (W ′,W0) that the homomorphisms
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H 2(W ;Z2)−→H 2(W0;Z2)←−H 2
(
W ′;Z2
)
are both injective, hence w2(W ′)= 0 by the naturality of w2.
Here
W0 =W\ϕ˜
(
S
2 × ◦D3), W0 →W and W0 →W ′
are the canonical inclusions.
Lemma 2.1. There is a sequence of surgeries which kill the free part of H2(W ;Z); that is,
we get a smooth 5-manifold W ′ with w2(W ′)= 0, ∂W ′ =M , and H2(W ′;Z) is finite.
Proof. The proof is as [22, Lemma 5.7]. This is proved under the hypothesis that ∂W = ∅
or ∂W is a homology sphere. What is needed in the proof is the surjectivity of the
homomorphismH3(W)→H3(W,∂W). This holds in our case since H2(M)∼= 0. ✷
Note in particular that in the notation above
H2(W ;Z)/〈λ〉 ∼=H2
(
W ′;Z)/〈λ′〉 (2.1)
(see [22, p. 516]). To kill the torsion elements in H2 by surgery, Kervaire and Milnor used
in an essential way that ∂W = ∅ or ∂W is a homology sphere. They proved the following
result (see [22, Lemma 5.8]).
Lemma 2.2. Let π1(W) ∼= 0 and let λ = [ϕ] ∈ H2(W) ∼= π2(W) be an element of finite
order. Assume that ∂W = ∅ or ∂W is a homology sphere. Then we have
rankH2
(
W ′;Z) = rankH2(W ;Z).
We shall use this lemma to prove the same result for our case.
Corollary 2.3. Let W be a smooth spin simply-connected 5-manifold such that ∂W =M
and H2(M;Z)∼= 0. If λ= [ϕ] ∈H2(W ;Z) is of finite order, then we have
rankH2
(
W ′;Z) = rankH2(W ;Z).
Proof. Let us consider the double DW =W ∪M W of W , and set W =W ′ ∪M W . Note
that π1(W)∼= π1(W ′)∼= 0. So Van Kampen’s theorem implies that π1(DW)∼= π1(W)∼= 0.
The exact sequences of Mayer–Vietoris give us
0→H2(W)⊕H2(W)→H2(DW)→H1(M)→ 0,
0→H2
(
W ′
)⊕H2(W)→H2(W)→H1(M)→ 0.
By Lemma 2.2 we have rankH2(DW) = rankH2(W). Then it must be
rankH2
(
W ′
) = rankH2(W). ✷
Note that H1(M;Z) is a free Abelian group. This follows easily from Poincaré duality,
i.e., H1(M)∼=H 3(M), and from the Universal coefficient theorem (use H2(M)∼= 0)
0→ Ext(H2(M),Z)→H 3(M)→Hom(H3(M),Z)→ 0.
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We proceed now as in [22]. Suppose that H2(W) is finite by Lemma 2.1. Doing surgery
on λ = [ϕ] ∈ H2(W) yields a compact smooth 5-manifold W ′ with rankH2(W ′) = 0 by
Lemma 2.2.
We recall the following diagram (see [22, p. 515])
H3(W ′)
◦λ′
H3(W ′,W0)
∂
H3(W ′,W0)
H3(W)
◦λ
H3(W,W0)
∂
H2(W0)
i′∗
i∗
H2(W) 0
H2(W ′) H2(W ′)
0 0
where ◦λ and ◦λ′ mean the intersection numbers with λ and λ′, respectively, 1 ∈
H3(W,W0) ∼= Z maps to λ′ ∈ H2(W ′), and 1 ∈ H3(W ′,W0) ∼= Z maps to λ ∈ H2(W).
Therefore λ′ must be a generator of the free part of H2(W ′), i.e., the short sequence
0→ Z λ′−→H2
(
W ′
)→H2(W ′)/〈λ′〉 → 0
is exact. It follows from this and (2.1) that
# TorsH2
(
W ′
)
 # TorsH2
(
W ′
)
/〈λ′〉
= # TorsH2(W)/〈λ〉< # TorsH2(W).
Now we kill the free part and then continue with another torsion element. So after a finite
sequence of such surgeries, we obtain that H2(W)∼= 0. Hence we have
Proposition 2.4. Let M be a smooth closed connected oriented 4-manifold with H2(M;Z)
∼= 0. Then M bounds a compact smooth spin 5-manifold W with πq(W)∼= 0 for q ∈ {1,2}.
Moreover, W is homotopy equivalent to a wedge
∨
k S
3 of 3-spheres, where k is the rank
of H1(M;Z).
Proof. It remains to prove the last sentence. We have H5(W) ∼= 0 since the boundary
of W is non-void. Moreover, there is an isomorphism H4(W) ∼= H 1(W,∂W) ∼= 0 since
H 0(W)→∼= H
0(∂W) and H 1(W)∼= 0. Then we have H3(W)∼=H 2(W,∂W) and
0∼=H 1(W)→H 1(M)−→∼= H
2(W,∂W =M)→H 2(W)∼= 0.
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But the Universal coefficient theorem implies H 1(M) ∼= Hom(H1(M),Z) ∼=⊕k Z. Let
ψ :
∨
k S
3 →W represent a basis of H3(W)∼= π3(W). It follows that
ψ∗ :H∗
(∨
k
S
3
)
→H∗(W)
is an isomorphism, hence ψ is a homotopy equivalence by the Whitehead theorem. ✷
Corollary 2.5. The double DW = W ∪M W is diffeomorphic to the connected sum
#k(S2 × S3).
Proof. The double DW is simply-connected and spin. Since H2(DW) is torsion free, the
result follows from Barden’s classification theorem [1] (compare also with [29]). ✷
Of course, #k(S2×S3) smoothly embeds inR6. This proves the first part of Theorem 1.2.
3. Construction of 5-manifolds with boundaryM , and having its fundamental group
Let M be as before, i.e., H2(M;Z) ∼= 0. In this section we are going to construct
a compact smooth 5-manifold V with ∂V = M , π1(V ) ∼= π1(M), and H2(V ;Z) ∼= 0.
For this, we need f∗([M]) = 0, where f :M → Bπ1(M) is the classifying map for the
universal covering, and [M] ∈ H4(M;Z) is the fundamental class of M . The surgery
technique, used here for constructing V , is closely related to that introduced by Kreck
in [24].
Lemma 3.1. There exist a compact smooth 5-manifold V with boundary ∂V =M , and a
map f˜ :V →Bπ1(M) such that f˜ |M = f .
Proof. Let us briefly write π1 = π1(M). Then we prove that [M,f ] is zero in ΩSO4 (Bπ1).
Since ΩSOq ∼= 0 for any q = 1,2,3, we have
ΩSO4 (Bπ1)
∼=H4(Bπ1)⊗ΩSO0 ⊕H0(Bπ1)⊗ΩSO4 ∼=H4(Bπ1)⊕ΩSO4 .
Now the component of [M,f ] in ΩSO4 is zero since M bounds (see Section 1). The
component of [M,f ] in H4(Bπ1) is f∗([M]) which is zero by hypothesis. This proves
the lemma. ✷
As a consequence, we have that the induced homomorphism f˜∗ :π1(V ) → π1 is
surjective. We can kill the kernel of f˜∗ by a finite sequence of surgeries on generators
of it. So we obtain the following
Lemma 3.2. Under the above hypothesis for M , there is a compact smooth 5-manifold V
with ∂V =M and π1(V )∼= π1(M).
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We now want to kill elements in H2(V ;Z) by surgery.
Lemma 3.3. The Hurewicz homomorphism π2(V )→H2(V ;Z) is surjective.
Proof. Since π1(V )∼= π1(M), we have that the homomorphism
π2(V ,M)→H2(V ,M;Z)
is surjective by Hurewicz’s theorem. Since H2(M;Z)∼= 0, it follows that
H2(V ;Z)→H2(V ,M;Z)
is an isomorphism. So the map π2(V )→H2(V ;Z) is surjective, too. ✷
Remark. It is worth to note that H2(Bπ1;Z)∼= 0. This follows from a spectral sequence
argument which displays an exact sequence (see [3])
H3(D;C) → H3(Bπ1;C)→ π2(D)⊗Λ C
→ H2(D;C)→H2(Bπ1;C)→ 0.
Here D is a space with π1(D) ∼= π1(M), Λ= Z[π1] is the integral group ring of π1, and
C is a Λ-module. This again gives a proof of Lemma 3.3. If we first insert D =M , then
we get H2(Bπ1;Z)∼= 0 since H2(M;Z)∼= 0. For D = V , we obtain the surjectivity of the
homomorphismH2(V ;Z)→H2(V , ∂V =M;Z).
Therefore we can represent λ ∈ H2(V ;Z) by a map ϕ :S2 → V . It can be taken to be
an embedding by Whitney’s theorem. Let us assume this. The following lemma is well
known.
Lemma 3.4. If w2(λ)= 0, then the normal bundle ν(ϕ :S2 → V ) is trivial.
Proof. To prove this, we note that
w2(λ)=w2(T V |ϕ(S2))=w2
(
ν
(
ϕ :S2 → V ))= 0
implies that ν(ϕ :S2 → V ) is trivial. ✷
In this case, we can extend ϕ :S2 → V to an embedding
ϕ˜ :S2 ×D3 → V
and do surgery along ϕ˜ to obtain the smooth 5-manifold
V ′ = (V \ϕ˜(S2 × ◦D3))∪ (D3 × S2).
The effect of this surgery can again be calculated from the isomorphism
H2(V )/〈λ〉 ∼=H2(V ′)/〈λ′〉. (3.1)
where λ′ = [∗ × S2] ∈ H2(V ′) represents the class of the transverse 2-sphere. If λ
generates a free summand of H2(V ), then one deduces that
rankH2
(
V ′
)= rankH2(V )− 1
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as in [22, Lemma 5.7] (here we use again the fact H2(∂V )=H2(M)∼= 0). If λ1 and λ2 are
two free generators in H2(V ;Z) with w2(λi) = 0 for any i = 1,2, then w2(λ1 + λ2)= 0.
Now, λ1 + λ2 is again a free generator, and we can do surgery on it. Then we can reduce
rankH2(V ) to be less or equal 1.
There are now two possibilities:
(a) There is a basis {λ1, . . . , λr } of the free part of H2(V ) such that w2(λi)= 0, for any
i = 1, . . . , r . In this case, we can reduce H2(V ;Z) to be a torsion group.
(b) We can reduce H2(V ;Z) to have rank 1, and each free generator λ satisfies w2(λ) =
0. This would imply w2(x)= 0 for any torsion element x ∈H2(V ;Z).
To calculate the effect of a surgery on a torsion element as in case (b), we need a
corresponding result as Corollary 2.3. But this time we have a 5-manifold V with ∂V =M
and π1(V )∼= π1(M) = 0.
Lemma 3.5. Let λ ∈H2(V ;Z) be a torsion element with w2(λ)= 0.
Let ϕ˜ :S2 ×D3 → V be an embedding which realizes λ. Then we have
rankH2(V ;Z) = rankH2
(
V ′;Z).
Proof. To apply [22, Lemma 5.8] (see also Lemma 2.2 above), we form the closed smooth
5-manifolds
X =W ∪M V and X′ =W ∪M V ′,
where W has boundary M and satisfies πq(W)∼= 0 for any q = 1,2 (see Section 2).
From the Mayer–Vietoris sequences, we get
H2(V )∼=H2(W)⊕H2(V ) ∼= H2(X)
and
H2
(
V ′
)∼=H2(W)⊕H2(V ′) ∼= H2(X′).
Recall that we have also H1(M) ∼= H1(V ′). Then the result follows from Lemma 2.2
because we think of having done a surgery on a torsion element of H2(X). ✷
In case (a) we get, as in Section 2, a smooth 5-manifold V ′ such that
# TorsH2
(
V ′
)
< # TorsH2(V )
and rankH2(V ′)= 1. So we are reduced to case (b) but have reduced the torsion.
In case (b) we have two possibilities:
(b)1 rankH2(V ′)= 0;
(b)2 rankH2(V ′) 2.
We have the following exact sequence
Z
λ′−→H2
(
V ′
)→H2(V ′)/〈λ′〉 ∼=H2(V )/〈λ〉
with rank(H2(V )/〈λ〉)= 1 because λ is a torsion element. In case (b)2, λ′ is injective, and
rankH2(V ′)= 2. Hence we obtain
# TorsH2
(
V ′
)
 # Tors
(
H2
(
V ′
)
/〈λ′〉)< # TorsH2(V ).
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Then we can do surgery on one free generator. It follows that we are again in case (b) but
with reduced torsion. Case (b)1 does not occur because the rank of H2(V ′)/〈λ′〉 equals 1.
Now we use the property
w2(x + y)=w2(x)+w2(y),
where w2 :H2(V ;Z)→ Z2 is the second Stiefel–Whitney class, as above. This permits
to continue our process for constructing a smooth compact 5-manifold V with ∂V =M ,
π1(V )∼= π1(M), and H2(V ;Z) isomorphic to either Z or Z2. In particular, if w2(V )= 0,
then we can obtain H2(V ;Z)∼= 0. Let us assume that V is such a manifold. Then we have
the following
Lemma 3.6. If W is as in Section 2, then the closed smooth 5-manifold X =W ∪M V
satisfies π1(X) ∼= 0, H2(X) is isomorphic to either Z, Z2, or the trivial group, and M
smoothly embeds in X. Moreover, X is diffeomorphic to either X∞, X−1 or S5.
Proof. The fact that π1(X) is trivial follows from Van Kampen’s theorem since π1(W)∼= 0
and π1(V )∼= π1(M). The result now is a consequence of Barden’s theorem [1]. ✷
In particular, if π1 is a free group on p free generators, then Hq(Bπ1)∼= 0 for any q > 1.
Since ΩSpin3 ∼= 0, we obtain ΩSpin4 (Bπ1)∼=Ωspin4 . Hence the 5-manifold V can be chosen
to be a spin manifold. So X is diffeomorphic to S5, i.e., M smoothly embeds in 5-space.
The last part can also be proved alternatively as follows. If π1 = π1(M) is free (non-
Abelian) of rank p, and H2(M;Z)∼= 0, then M is homotopy equivalent to the connected
sum #p(S1 ×S3) (see [4,19,21]), and hence s-cobordant to it [6]. Let V be an s-cobordism
in which we have closed the boundary component homeomorphic to #p(S1 × S3) by the
handlebody #p(S1 ×D4) (boundary connected sum). Obviously, we have that W ∪M V is
diffeomorphic to S5.
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